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A special case of the Blaschke-Santalo inequality regarding the product of the 
volumes of polar reciprocal convex bodies is shown to be equivalent to a power- 
mean inequality involving the diameters and widths of a convex body. This power- 
mean inequality leads to strengthened versions of various known inequalities. 
The setting for this article will be Euclidean n-dimensional space, R”. 
Associated with a convex body (compact convex set with nonempty interior) 
K is its support function H, defined on the unit sphere S”-’ by 
HK(u) = max( (u, v) 1 u E K), 
where (u, v) denotes the inner product of u and U. If K contains the origin in 
its interior we also associate with it a radial function pK defined on S”-- ’ by 
pK(u) = max{L > 0 1 Au E K}. 
The width of a convex body K in the direction u E S”- ‘, bK(u), is the 
distance between the two supporting hyperplanes of K that are orthogonal 
to u. The diameter of K in the direction u E Sn- ‘, D,(u), is the length of a 
maximal chord of K that is parallel to u. The diameter D(K) and minimal 
width d(K) of K are defined to be, respectively, the maximum and minimum 
of b,(u), or equivalently DK(u), taken over all u E S”-‘. A convex body is 
said to have constant width if bK(u), or equivalently DK(u), is constant for all 
24 E AT”-‘. We shall use V[K] to denote the (n-dimensional) volume of K and 
w, to denote the volume of the unit ball in R”. 
For a positive continuous function f defined on S”- ’ and a real number 
p # 0, the p-mean off, M,[ f 1, is defined by 
I 
I/P 
f”(u) Mu) , 
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where dS(u) is the surface area element on S”-’ at U. For p = -00, 0, or co, 
M,,[f ] is defined by 
MpLfl= ~pqfl. 
It is well known [ 13, p. 1431 that M,[f ] is continuous and monotone 
increasing in p, and that 
while 
M,[f] = max(f(u) 1 u E F-l}, 
A4-,[f] = min{f(u) (24 E ,‘-I}. 
If a convex body C is symmetric with respect to the origin, the polar body 
of C, with respect to the unit sphere centered at the origin will be denoted by 
Co. We note that pco = H; I. 
Our starting point will be the following result which is a special case of 
the Blaschke-Santa16 inequality [22, 211 (see also [24, p. 5521 and 1231): If 
C is a convex body that is centrally symmetric with respect to the origin, 
then 
with equality if and only if C is an ellipsoid. 
(1) 
We note that the Blaschke-Santa16 inequality, unlike (l), is a general result 
that applies to arbitrary convex bodies. In the case where attention is 
restricted to centrally symmetric convex bodies, an inequality 
complementary to (l), giving the greatest lower bound of the product of the 
volumes of polar reciprocal convex bodies, was recently obtained by 
Guggenheimer [9, lo]. The problem of determining the (greatest) lower 
bound in the general (unsymmetric) case is open. 
Our aim is to rewrite (1) in a manner similar to reformulation of the 
Brunn-Minkowski inequality given in [ 171. We note that while we employ 
an inequality that is restricted to centrally symmetric convex bodies, our 
result will hold for all convex bodies. 
For an arbitrary convex body K, the difference body of K, DK, is a convex 
body that is centrally symmetric with respect to the origin, defined by 
DK= {x- ylx, yEK}. 
If we take DK for C in (1) we can rewrite (1) as 
~[DKlIq, < (~[(DK)“l/~,>-‘, 
with equality if and only if DK is an ellipsoid. 
(2) 
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If A is an arbitrary convex body that contains the origin in its interior, 
then the polar coordinate formula for the volume of A can be used to 
conclude 
w J/% = MnlP I lf7. 
Since pCDK,O = H$ , and HnK = b,, we have 
(V[(DK)“]/w,)-’ =M-.[bKln. 
It is easy to see that pnK = D,, from which we can conclude that 
vl VW I/w,, = M, lDfi I “. 
We can deal with the case of equality by observing that DK is an ellipsoid 
if and only if K is an affme image of a body of constant width. (See ] 1 ] for 
some interesting characterizations of bodies that are affine images of bodies 
of constant width.) 
We can now rewrite (2) as 
THEOREM. If K is a convex body in R”, then 
MnlD,l G K,Ib,l, 
with equality if and only ifK is an afJine image of a body of constant width. 
We note that 
M,P,l =DW =M,lbKIr 
while 
M-,[D,] = d(K) =M-,[b,]. 
From the Brunn-Minkowski inequality [ 12, p. 1871 we have 
2w,““V”“[K] <M,,(D,], 
with equality if and only if K is centrally symmetric. 
From this we see that the theorem is a strengthened form of the result 
2w,““?“‘“[K] < M-,[b,], 
with equality if and only if K is an ellipsoid. 
This was the strengthened form of the Urysohn inequality obtained in [ 15 ]. 
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If K 1 ,..., K, are convex bodies, then by a simple application of Holder’s 
inequality [ 13, p. 1401 we have 
M-,PfJ .** M-,[b,n] GM- ,[bK, ..* bK”]. 
When this is combined with the inequality of the theorem we obtain 
This is a strengthened form of 
V”“[K,] a.. V”n[K,] < 2-“w,M,[b,, +.a bK,], 
an inequality obtained in [4, 6, 16], generalizing inequalities obtained in 
(2,3, 7, 14, 191. (S ee also [20] for an interesting extension.) 
We also note that the previously mentioned inequality of Guggenheimer 
can be rewritten to yield a complementary inequality to that of the theorem. 
We now consider some of the consequences of the theorem in the plane 
(n = 2). 
For a plane convex body K, and a direction 13 E S’, let L,(0) denote the 
length of the perimeter bisector (chord of K that bisects the perimeter) of K 
that is in the direction determined by 19. An elliptical disc is a convex body 
whose boundary is an ellipse. If the bounding ellipse is a circle the convex 
body will simply be called a disc. 
From the definition of D, we can conclude that 
which leads to 
with equality if and only if K is centrally symmetric. 
(3) 
The conditions for equality follow from a result of Hammer and Smith [ 1 1 ] 
which states that if LK(0) = D,(O), for all 19, then K has a center of 
symmetry. 
If we combine (3) with the theorem we obtain the following: 
COROLLARY. If K is a plane convex body, then 
M,P,l GM-,ib,l, 
with equality if and only if K is an elliptical disc. 
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It is well known [12, p. 2081 that M,Ib,] =L[K]/;rc, where L/K] is the 
perimeter of K. Hence, we have 
M-*[bKI < L WI/% 
with equality if and only if K is of constant width. 
In light of (4), the corollary is seen to be a strengthened form of 
M2lLKl ~LlKl/~~ 
(4) 
with equality if and only if K is a disc, 
a strengthened version of the Herda inequality obtained in [ 5, 181. 
From the corollary we also have: If p < 2, then 
with equality if and only if K is a disc. 
(5) 
The inequality in (5) is, in fact, valid if and only if p < 2. To see that the 
inequality cannot hold for any p > 2 we need merely consider the case where 
K is bounded by a noncircular ellipse. 
Recently, Goodey [8] has proved the result 
with equality if and only if K is centrally symmetric. 
Here A [K] denotes the area of K. 
If we combine the inequality of Goodey with (3), (4), and with the 
theorem we obtain 
If we compare the quantities on the extreme left and right sides we obtain the 
classical isoperimetric inequality in the plane (including the condition that 
equality can occur only for the disc). 
We note that all of the plane inequalities remain valid if the perimeter 
bisector L, is replaced by the area bisector, A, (see [8, 181). 
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